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TRACE ON THE BOUNDARY FOR SOLUTIONS OF
NONLINEAR DIFFERENTIAL EQUATIONS

E. B. DYNKIN AND S. E. KUZNETSOV

Abstract. Let L be a second order elliptic differential operator in Rd with no
zero order terms and let E be a bounded domain in Rd with smooth boundary
∂E. We say that a function h is L-harmonic if Lh = 0 in E. Every positive
L-harmonic function has a unique representation

h(x) =

∫
∂E

k(x, y)ν(dy),

where k is the Poisson kernel for L and ν is a finite measure on ∂E. We call
ν the trace of h on ∂E.

Our objective is to investigate positive solutions of a nonlinear equation

Lu = uα in E

for 1 < α ≤ 2 [the restriction α ≤ 2 is imposed because our main tool is
the α-superdiffusion which is not defined for α > 2]. We associate with every
solution u a pair (Γ, ν), where Γ is a closed subset of ∂E and ν is a Radon
measure on O = ∂E \ Γ. We call (Γ, ν) the trace of u on ∂E. Γ is empty if
and only if u is dominated by an L-harmonic function. We call such solutions
moderate. A moderate solution is determined uniquely by its trace. In general,
many solutions can have the same trace. We establish necessary and sufficient
conditions for a pair (Γ, ν) to be a trace, and we give a probabilistic formula
for the maximal solution with a given trace.

1. Introduction

1.1. Diffusions. We start from an elliptic differential operator

Lu =
∑
i,j

aij
∂2u

∂xi∂xj
+

∑
i

bi
∂u

∂xi
(1.1)

in Rd. An L-diffusion in Rd is a Markov process ξ = (ξt,Πx) with continuous paths
and with the transition function pt(x, y)dy, where pt(x, y) satisfies the following
conditions:

1.1.A. For all t, x, ∫
E

pt(x, y)dy = 1.
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1.1.B. For all s, t > 0 and all x, z,∫
Rd

ps(x, y)dypt(y, z) = ps+t(x, z).

1.1.C. For every bounded positive continuous function ϕ,

vt(x) =
∫

E

pt(x, y)ϕ(y)dy

is the minimal solution of the boundary value problem
∂v

∂t
= Lv for t > 0,

v → ϕ as t ↓ 0.

The existence of such process is proved, under broad conditions on the coefficients
of L, for instance, in [1].

An L-diffusion in an arbitrary open set D is obtained by killing ξ at the first
exit time τ from D. Its transition density is given by the formula1

pD,t(x, y) = pt(x, y)−Πx{τ < t, pt−τ (ξτ , y)}.
The corresponding Green’s function

gD(x, y) =
∫ ∞

0

pD,t(x, y)dt

is finite for all x 6= y if D is bounded. The Green’s operator acts on positive Borel
functions by the formula

GDϕ(x) =
∫

E

gD(x, y)ϕ(y)m(dy).(1.2)

We fix a bounded domain E with boundary ∂E of class C2,λ, and we drop the
subscripts E in notation pE , gE , . . . . We denote the first exit time from E by ζ.

The name L-harmonic functions is used for solutions of the equation Lh = 0 in
E. Every positive L-harmonic function h has a unique representation

h(x) =
∫

∂E

k(x, y)ν(dy),(1.3)

where k is the Poisson kernel for L (equal to the normal derivative of g(x, y) with
respect to y) and ν is a finite measure on ∂E. We call ν the trace of h on ∂E.

The following bounds for k can be found in [19, Lemma 1]:

c|x− y|−d ≤ k(x, y)
d(x, ∂E)

≤ c−1|x− y|−d for all x ∈ E, y ∈ ∂E(1.4)

(the constant c > 0 depends only on L and E). Formula (1.4) implies that

h(x) → 0 as x→ a, x ∈ E,(1.5)

if ν does not charge a neighborhood of a.
Let σ be the measure on ∂E which appears in the representation (1.3) of the

L-harmonic function h = 1. Then for all x and Γ,

Πx{ξζ ∈ Γ} =
∫

Γ

k(x, y)σ(dy).(1.6)

1Writing Π{Ω′, Y } means
∫
Ω′ Y dΠ.
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1.2. Superdiffusions. A superdiffusion is a mathematical model of a random
cloud. The spatial motion of its infinitesimal parts is described by the L-diffusion
ξ = (ξt,Πx) in E, and the branching mechanism is determined by a parameter
α ∈ (1, 2]. To every open subset D of E and to every µ ∈ M(E)2 there corresponds
a random measure (XD, Pµ) on E\D, called the exit measure from D. XD describes
the mass distribution of the cloud instantaneously frozen on E \ D, and Pµ is a
probability measure corresponding to initial mass distribution µ. All Pµ have the
same domain F . For every positive Borel function f ,

Pµ exp〈−f,XD〉 = exp 〈−u, µ〉,(1.7)

where

u+ ED(u) = KDf(1.8)

with

ED(u)(x) = GD(uα)(x),(1.9)

KDf(x) = Πxf(ξτ )(1.10)

(τ is the first exit time of ξ from D).
We denote by Px the measure Pδx corresponding to Dirac’s measure at point x.
The joint probability distribution of XD1 , . . . , XDn is determined by (1.7) and

by the Markov property: for every positive F⊃D-measurable Y ,

Pµ{Y
∣∣F⊂D} = PXDY,(1.11)

where F⊂D is the σ-algebra generated by XD′ with D′ ⊂ D and F⊃D is the σ-
algebra generated by XD′′ with D′′ ⊃ D.

The existence of a family (XD, Pµ) subject to conditions (1.7) and (1.11) is
proved in [2].

It follows from (1.7)–(1.10) that

Pµ〈f,XD〉 = 〈KDf, µ〉.(1.12)

1.3. Markov process (Xt, Pµ). Besides exit measures XD we also consider ran-
dom measures Xt which describe the mass distribution at a fixed time t. For every
positive Borel function f ,

Pµ exp〈−f,Xt〉 = exp 〈−vt, µ〉,(1.13)

where

vt(x) + Πx

∫ t

0

vt−s(ξs)α ds = Πxf(ξt)(1.14)

with Random measures (Xt, Pµ) form a Markov process in the state space M. This
is a more traditional model of superdiffusion than the model described in Section
1.2.

2We denote by M(S) the space of all finite measures on a measurable space S.
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1.4. Range and polar sets. Consider the class C of all closed random sets
C(ω) ⊂ E ∪ ∂E with the property that every exit measure XD is concentrated,
a.s.,3 on C. There exists a minimal element of C and it is defined uniquely up to
indistinguishability. We denote it by R and call it the range of X . A set B ⊂ ∂E
is called R-polar if

Px{R ∩B = ∅} = 1 for all x ∈ D.(1.15)

A Borel set B is R-polar if and only if all compact subsets of B are R-polar.

1.5. Principal results. Our objective is to study the class U of all positive
solutions of the equation

Lu = uα in E,(1.16)

where E is a domain of class C2,λ in Rd and 1 < α ≤ 2. We say that a solution u is
moderate if it is dominated by an L-harmonic function. Every positive L-harmonic
function has a unique representation

h(x) =
∫

∂E

k(x, y)ν(dy),(1.17)

where k is the Poisson kernel for L and ν is a finite measure on ∂E.
The following result is proved in [7].

Theorem 1.1. The formula

u+ E(u) = h(1.18)

establishes a 1-1 correspondence between moderate solutions u and L-harmonic
functions h such that the measure ν in (1.17) does not charge any R-polar set.
The function h is the minimal L-harmonic majorant of u, and u is the maximal
solution dominated by h.

We call ν the trace of the moderate solution u. In Section 3 we prove

Theorem 1.2. If u is an arbitrary positive solution of (1.16) then, for every com-
pact subset B of ∂E, there exists the maximal solution uB dominated by u and equal
to 0 on ∂E \ B.4 There exist: (a) a maximal open subset O of ∂E such that uB

is moderate for every compact B ⊂ O; (b) a measure ν on O such that, for every
compact B ⊂ O, the trace of uB coincides with the restriction of ν to B.

We call Γ = ∂E \O the singular set of u and we call the pair (Γ, ν) the trace of
u.

We say that x is an explosion point of a measure ν if ν(U) = ∞ for every
neighborhood U of x.

Theorem 1.3. A pair (Γ, ν) is the trace of a solution if and only if:
(i) Γ is compact;
(ii) ν is the Radon measure on O = ∂E \ Γ;
(iii) ν does not charge any R-polar set;
(iv) the conditions:

Λ ⊂ Γ is R-polar and contains no explosion points of ν,

Γ \ Λ is closed
(1.19)

imply that Λ = ∅.

3Writing a.s. means Px-a.s. for all x ∈ E.
4Writing u = f at a ∈ ∂D means u(x) → f(a) as x → a, x ∈ D. We write u = f on B ⊂ ∂D if

u = f at all a ∈ B.
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Theorem 1.3 follows from 3.5.A and Theorems 5.3, 4.2 and 5.2.
A measure ν is called Σ-finite if there exist finite measures νn such that ν =

ν1 + · · ·+ νn + . . . .

Theorem 1.4. To every Σ-finite measure ν on ∂E which charges no R-polar set
there corresponds a continuous additive functional Aν of the superdiffusion X. If
(Γ, ν) satisfies conditions (i)–(iv) in Theorem 1.3, then

u(x) = − logPx{R ∩ Γ = ∅, e−Aν
∞}(1.20)

is the maximal element of U with the trace (Γ, ν).

Theorem 1.4 follows from Theorems 4.2, 4.3 and 6.1.

1.5. Bibliographical notes. The problem stated at the beginning of Section 1.4
has been studied recently by probabilistic and purely analytic methods. The work
of analysts influenced the work of probabilists and vice versa.

It was shown in [2, Section 5.5] that an arbitrary positive solution of equation
(1.16) has a representation of the form

u(x) = − logPxe
−Z(1.21)

where Z is a functional of the superdiffusion X . Sufficient conditions on Z were
established under which u given by (1.21) is a solution of (1.16). This way a 1-1
correspondence was established between all positive solutions of (1.16) and a certain
class of functionals Z of X . [Analogous results in a parabolic setting are presented
in more detail in [4, Section II.5].]

A boundary value problem

Lu = uα in E, u = ν on ∂E(1.22)

with a finite measure ν was discussed in [5, p.5]. In particular, it was conjectured
that (1.22) has a solution if and only if ν does not charge any R-polar set. The
conjecture was proved in [7], where problem (1.22) was interpreted as the integral
equation (1.18) with h given by (1.17).5 The results of [7] (summarized in Theorem
1.1) describe all moderate solutions of (1.1).

It was proved in [6, Theorem 1.2a] that the class ofR-polar sets coincides with the
class of null-sets of the Bessel capacity Cap∂

2/α,α′ . This implies that the condition

α <
d+ 1
d− 1

(1.23)

holds if and only if the empty set is the only R-polar set.
Condition (1.25) is satisfied if α = d = 2. Le Gall [13] succeeded in describing

all solutions of the equation ∆u = u2 in the unit disk in R2. He established a
1-1 correspondence between all solutions and all pairs (Γ, ν), where Γ is a closed
subset of ∂E and ν is a Radon measure on ∂E \ Γ. The solution corresponding to
(Γ, ν) is expressed in terms of the Brownian snake — a path-valued Markov process
introduced in his earlier publications (this process is closely related to the super-
Brownian motion). In [15], the results announced in [13] are proved in detail and
are extended to a general smooth domain in R2. Recently Le Gall [16] extended
some of the results of the present paper to a parabolic equation ∂u/∂t = ∆u − u2

in a cylinder R+ ×E. He defined the trace of a positive solution u on {0}×E and

5In the particular case α = 2, the conjecture was confirmed earlier by Le Gall [14].
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proved propositions similar to our Theorems 1.3 and 1.4 [which he cited referring
to our preprint].

A boundary value problem of type (1.22) was first considered by Gmira and
Véron [12]. They investigated by purely analytic methods a class of functions ψ
such that the problem

∆u = ψ(u) in E, u = ν on ∂E(1.24)

is solvable for every finite measure ν. This class contains ψ(u) = uα with α subject
to condition (1.23).

Marcus and Véron [17] investigated the equation ∆u = uα, α > 1, in the unit
d-dimensional ball.6 For every positive solution u they define the trace (Γ, ν) of u
in terms of the boundary behavior of u.

Under condition (1.23), every pair (closed set Γ, Radon measure ν on ∂E\Γ) is
the trace of the uniquely defined positive solution u. (In the case α = d = 2, this
was proved earlier by Le Gall.) More results in the same direction are announced
in [18]. In particular, the existence of a solution is stated, for α ≥ d+1

d−1 , under
conditions stronger than conditions (i)–(iv) in our Theorems 1.3 and 1.4. The
authors have also investigated the parabolic case in a setting similar to those of
[16].

Added in proof. The results announced in [17] and [18] are proved in two re-
cent preprints [M. Marcus and L. Véron, The boundary trace of positive solutions
of semilinear elliptic equations, I: The subcritical case; II: The supercritical case,
Université François Rabelais, Tours]. In addition, they give necessary and sufficient
conditions for a pair (Γ, ν) to be a trace in terms of a class of exceptional sets on
the boundary and they extend the characterization of exceptional sets, given in [6]
for α ≤ 2, to the case α > 2. [Their method does not work for α ≤ 2.]

2. Equation Lu = uα. Operators VD

2.1. Class U(D). We denote by U(D) the class of all positive functions u on D
such that

Lu = uα in D(2.1)

and we put U = U(E). We use the following facts:
2.1.A. (Comparison principle) If D is a bounded open set and if u, v ≥ 0 satisfy

the conditions

Lu− uα ≥ Lv − vα in D(2.2)

and

lim sup
x→a,x∈D

[u(x)− v(x)] ≤ 0 for all a ∈ ∂D,(2.3)

then u ≤ v in D.
(See, e.g., Theorem 0.5 in [2].)
2.1.B. Suppose that un ∈ U(D) converge pointwise in D to u. Then u ∈ U(D).

Let O be a relatively open subset of ∂D and let f be a continuous function on O.
If all points of O are regular and if un = f on O, then u = f on O. (See Theorem
1.2 in [3].)

6We emphasize that they cover the case α > 2, which can not be investigated by using
superdiffusions
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2.1.C. Let XD be the exit measure of an (L, α)-superdiffusion X from an open
set D. Then, for every Borel function f : ∂D → [0,∞],

u(x) = − logPxe
−〈f,XD〉(2.4)

belongs to U(D), and u = f at every regular point a ∈ ∂D where f is continuous.
If D is regular and if f is continuous on ∂D, then u is the minimal element of U(D)
such that u = f on ∂D. If, in addition, D is bounded and f is finite, then u is the
unique element of U(D) such that u = f on ∂D.

(See Theorems 1.2, 1.3 in [3] or Section II.3 in [4].)
2.1.D. (The mean value property) If u ∈ U(E) and if D̄ ⊂ E, then

u(x) = − logPxe
−〈u,XD〉 in D.(2.5)

(See Lemma 1.1 in [3] or Theorem 2.3 in [6].)
2.1.E. Suppose that D1 ⊃ D2 and Γ ∩D1 = ∅. Then XD1(Γ) ≥ XD2(Γ) Pµ-a.s.

for every µ.
(See Lemma 3.1 in [8].)

2.2. Operators VD. With every open D ⊂ E we associate an operator which acts
on positive Borel functions by the formula

VD(f)(x) = − logPxe
−〈fE ,XD〉,(2.6)

where fE = 1Ef . If x /∈ D, then Px{XD = δx} = 1 and therefore VD(f) = f on
E \D. For every positive Borel f , VD(f) ∈ U(D). [This follows, for instance, from
Theorems 2.1-2.2 in [6].] Formula (1.8) implies that

VD(f) ≤ KDf.(2.7)

The operators VD have also the following properties:
2.2.A. VD(f1) ≤ VD(f2) for f1 ≤ f2.
2.2.B. If D1 ⊂ D2, then VD1VD2 = VD2 = VD2VD1 .

Proof. Put Vi = VDi and vi = Vi(f). By the Markov property (1.11),

v2(x) = − logPxPXD1
e−〈f,XD2〉 = − logPxe

−〈v2,XD1 〉 = V1(v2)(x).

The equality V2(v1) = v2 holds because v1 = f on E \D1, and V2(g) depends only
on the values of g on E \D2.

2.2.C. For every f1, f2,

VD(f1 + f2) ≤ VD(f1) + VD(f2).

Proof. Let ui = VD(fi), i = 1, 2, and u = VD(f1 + f2). By (1.8),

ui + ED(ui) = KDfi, u+ E(u) = KDf1 +KDf2.

We have (u1 + u2)α = uα
1 + uα

2 +ϕ, where ϕ ≥ 0. Note that u1 + u2 + E(u1 + u2) =
u1 + u2 + E(u1) + E(u2) + GDϕ = KD(f1 + f2) + GDϕ = u + E(u) + GDϕ. By
Theorem 2.1 in [8], this implies u1 + u2 ≥ u.

2.2.D. For every D1, D2,

VD1∩D2(f) ≤ VD1(f) + VD2(f) in D1 ∩D2.
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Proof. Put D = D1 ∩D2. Note that ∂D = B1 ∪ B2, where B1 ⊂ ∂D1, B2 ⊂ ∂D2

and B1 ∩ B2 = ∅. Put fi = 1Bif . We have f = f1 + f2 on ∂D, and therefore
VD(f) = VD(f1 + f2) on D. By 2.2.C,

VD(f) ≤ VD(f1) + VD(f2) on D.(2.8)

By 2.1.E, XD(Γ) ≤ XD1(Γ) for all Γ ⊂ B1. Hence

〈f1, XD〉 =
∫

B1

fdXD ≤
∫

B1

fdXD1 ≤ 〈f,XD1〉,

which implies VD(f1) ≤ VD1(f). Analogously, VD(f2) ≤ VD2(f), and (2.8) implies
2.2.D.

2.3. Action of VD on U .

Theorem 2.1. Suppose that D is a regular open subset of E and u ∈ U . Then

VD(u) ≤ u.(2.9)

If D1 ⊂ D2, then

VD2(u) ≤ VD1(u).(2.10)

Proof. Let v = VD(u). Note that ∂D = A∪B, where A = ∂D∩∂E and B = ∂D∩E.
Denote by A0 the set of all points a ∈ A at a positive distance from B. By 2.1.C,
v = u on B and v = 0 on A0. Consider a sequence of continuous functions fn on
∂D such that fn ↑ u on B and fn = 0 on A. Let vn(x) = − logPxe

−〈fn,XD〉. By
2.1.C, vn ∈ U(D) and vn = fn on ∂D. Therefore

lim sup
x→a,x∈D

[vn(x) − u(x)] ≤ 0

for all a ∈ ∂D. By 2.1.A, vn ≤ u, and (2.9) holds because vn ↑ v.
If D1 ⊂ D2, then, by 2.2.B, (2.9) and 2.2.A, VD2(u) = VD1VD2 (u) ≤ VD1 (u).

3. Operators QB

3.1. Construction. For every closed set B ⊂ ∂E and for every ε > 0 we put

D(B, ε) = {x ∈ E : d(x,B) > ε}.(3.1)

The open sets (3.1) are regular. If u ∈ U , then by Theorem 2.1, VD(B,ε)(u) is
monotone increasing in ε and therefore there exists a limit

QB(u) = lim
ε→0

VD(B,ε)(u).(3.2)

It follows from 2.1.B that QB(u) ∈ U . The operators QB have the following prop-
erties:

3.1.A. QB(u1) ≤ QB(u2) for u1 ≤ u2.
3.1.B. QB(u) ≤ u.
3.1.C. For every B1, B2, QB1∪B2(u) ≤ QB1(u) +QB2(u).
3.1.D. Q∂E(u) = u.
3.1.E. If u ≤ u1 + u2, then QB(u) ≤ QB(u1) +QB(u2).
Property 3.1.A is an implication of 2.2.A; 3.1.B follows from (2.9); 3.1.C is an

implication of 2.2.D and the relation D(B1 ∪ B2, ε) = D(B1, ε) ∩ D(B2, ε). 3.1.D
holds because, by 2.1.D, VD(∂E,ε)(u) = u for all ε. Finally, 3.1.E follows from 2.2.C
and 2.2.A.
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3.2. Extremal characterization.

Theorem 3.1. For every u ∈ U , the function uB = QB(u) is the maximal element
of U subject to the conditions

uB ≤ u; uB = 0 on ∂E \B.(3.3)

Proof. Put Dε = D(B, ε), Bε = ∂Dε ∩E and denote by Aε the set of all x ∈ ∂E at
a distance > ε from B. By 2.1.C, the function vε = VDε(u) belongs to U(Dε) and
satisfies the conditions vε = 0 on Aε, vε = u on Bε. It follows from 3.1.B, (3.2)
and 2.1.B that uB belongs to U and satisfies (3.3).

Suppose (3.3) holds for ũ. Then ũ ≤ u = vε on Bε and ũ = 0 ≤ vε on
∂Dε \Bε ⊂ ∂E \B. By 2.1.A, ũ ≤ vε in Dε, and therefore ũ ≤ uB.

Theorem 3.1 implies:
3.2.A. If B1 ⊃ B2, then QB1QB2 = QB2 = QB2QB1 and QB1(u) ≥ QB2(u).
3.2.B. If B and B0 are disjoint compact subsets of ∂E, then QBQB0 = 0.
Indeed, QB[QB0(u)] = 0 on ∂E \B and QB[QB0(u)] ≤ QB0(u) = 0 on ∂E \B0.

3.3. Probabilistic representation. We say that a sequence of open sets Dn is a
standard sequence approximating E if their closures D̄n are compact, D̄n ⊂ Dn+1

and Dn ↑ E. It is proved in Section II.5 of [4] that, for every u ∈ U , there exists a
function Z such that

Z = lim〈u,XDn〉 Pµ-a.s.(3.4)

for every standard sequence Dn and every µ ∈ M(E). Since VDn(u) = u in Dn,
the dominated convergence theorem implies that

u(x) = − logPxe
−Z .(3.5)

By applying this result to uB = QB(u), we get a probabilistic representation of the
operators QB:

QB(u)(x) = − logPxe
−ZB ,(3.6)

where

ZB = lim〈uB, XDn〉 Pµ-a.s.(3.7)

It follows from 3.2.A and 3.1.C that
3.3.A. If B1 ⊃ B2, then ZB1 ≥ ZB2 a.s.
3.3.B. For every B1, B2, ZB1∪B2 ≤ ZB1 + ZB2 a.s.
We need another representation of ZB:
3.3.C.7 For every sequence εn ↓ 0 and every µ ∈ M(E),

ZB = lim〈u,XD(B,εn)〉 Pµ-a.s.(3.8)

Proof. 1◦. Put D̃n = D(B, εn), Yn = e−〈u,XD̃n
〉. By (1.11), (1.7), (2.6) and (2.9),

Pµ{Yn+1|F⊂D̃n
} = PXD̃n

Yn+1 = e
−〈VD̃n+1

(u),XD̃n
〉 ≥ Yn Pµ-a.s.

Hence (Yn,F⊂D̃n
, Pµ) is a bounded submartingale which implies the existence, a.s.,

of the limit

Z̃B = lim〈u,XD̃n
〉.(3.9)

7By 〈u, XD〉 we mean the integral of u over Dc ∩ E. In other words, we set u = 0 on ∂E.
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By (3.2) and the dominated convergence theorem,

Pµe
−Z̃B = e−〈uB ,µ〉.(3.10)

2◦. By 1◦ applied to uB, we get the existence of the limit

ẐB = lim〈uB, XD̃n
〉(3.11)

and the equation

Pµe
−ẐB = e−〈QB(uB),µ〉.(3.12)

By 3.2.A, QB(uB) = uB, and (3.12) and (3.10) yield

Pµe
−ẐB = Pµe

Z̃B .(3.13)

By 3.1.B, ẐB ≤ Z̃B, and (3.13), (3.11) imply

Z̃B = ẐB = lim〈uB, XD̃n
〉 a.s.(3.14)

3◦. Fix ε > 0. By (3.3), uB = 0 on ∂E \ B. Therefore there exists δn > 0
such that uB(x) ≤ ε if x ∈ D̃n and d(x, ∂E) ≤ δn. Formula (3.7) holds for a
standard sequence Dn = {x : d(x,B) > εn, d(x, ∂E) > δn} approximating E. We
have Dn = D∗

n ∩ D̃n, where D∗
n = {x : d(x, ∂E) > δn}, and, by 2.1.E,

〈uB, XDn〉 ≤ 〈uB, XD̃n
〉+ 〈ε,XD∗

n
〉.(3.15)

It follows from (3.15), (3.7) and (3.14) that

ZB ≤ Z̃B + ε lim〈1, XD∗
n
〉.(3.16)

By [7, Lemma 1.2], for every L-harmonic function h and for every standard sequence
Dn, there exists, Pµ-a.s., a finite limit lim〈h,XDn〉, and the limit does not depend,
Pµ-a.s., on Dn. This is applicable to h = 1 and Dn = D∗

n; and, by letting ε→ 0 in
(3.16), we get ZB ≤ Z̃B. Equations (3.6) and (3.10) imply ZB = Z̃B.

3.4. Trace of a moderate solution. It follows from Theorems 1.3, 2.1 and 3.1
in [7] and Theorem 1.2a in [6] that:

3.4.A. If u is moderate, then

h = u+ E(u)(3.17)

is the minimal L-harmonic majorant of u, and u is the maximal solution dominated
by h.

3.4.B. Let h be an L-harmonic function with trace ν. Equation (3.17) has a
solution u if and only if ν does not charge R-polar sets.

3.4.C. If (3.17) holds for an L-harmonic h, then u ∈ U .
The trace of a moderate solution u is defined as the trace of the L-harmonic

function h = u + E(u). By 3.4.B, a finite measure ν is a trace if and only if
ν(B) = 0 for all R-polar sets B. It follows from 3.4.A that the inequality u1 ≤ u2

between two moderate solutions is equivalent to the inequality h1 ≤ h2 between
their minimal L-harmonic majorants, which is equivalent to the inequality ν1 ≤ ν2
between the traces.

We use the following facts. Let k be the Poisson kernel in E. If h is a positive
L-harmonic function with trace ν, then there exists a measure Πh

x on the space of
paths killed at the first exit from E such that, for every B ⊂ ∂E,

Πh
x{ξζ ∈ B} =

∫
B

k(x, y)ν(dy),(3.18)
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and, for every stopping time τ ,

Πh
x{τ < ζ} = Πxh(ξτ ).(3.19)

[The probability measure 1
h(x)Π

h
x is called the h-transform of Πx.] Moreover,

Πh
x =

∫
Πy

xν(dy),(3.20)

where Πy
x is the measure corresponding to the L-harmonic function k(·, y).

Theorem 3.2. If u is a moderate solution, then, for every B, uB = QB(u) is also
moderate and the trace of uB is the restriction of the trace of u to B.

Proof. The first part follows from 3.1.B.
Let ν be the trace of u. Consider the minimal L-harmonic majorant

h(x) =
∫

∂E

k(x, y)ν(dy)

of u and the minimal L-harmonic majorant hB of uB. Put

ĥB(x) =
∫

B

k(x, y)ν(dy).

By (3.18) and (3.19),

ĥB(x) = Πh
x{ξζ ∈ B} = lim

ε→0
Πh

x{τε < ζ} = lim
ε→0

Πxh(ξτε),(3.21)

where τε is the first exit time from D(B, ε). By (2.7),

VD(B,ε)(u)(x) ≤ Πxu(ξτε) ≤ Πxh(ξτε).(3.22)

By (3.2), (3.21) and (3.22), uB ≤ ĥB, which implies

hB ≤ ĥB.(3.23)

By 3.4.B, there exists ûB such that ûB + E(ûB) = ĥB. Note that ûB ≤ u and
ûB ≤ ĥB = 0 on ∂E \ B. By Theorem 3.1, uB ≥ ûB, and therefore hB ≥ ĥB. By
(3.23), hB = ĥB.

3.5. General definition of trace. Fix a solution u. We say that a compact
set B ⊂ ∂E is moderate for u if the solution uB = QB(u) is moderate. Let νB

stand for the trace of uB. By 3.1.C, the union of two moderate sets is moderate.
Suppose that B is moderate and let B̃ ⊂ B. By 3.2.A, uB̃ ≤ uB and therefore B̃ is
moderate. It follows from Theorem 3.2 and 3.2.A that νB̃ is the restriction of νB

to B̃.
A relatively open subset A of ∂E is called moderate if all compact subsets of A

are moderate. The union O of all moderate open sets is moderate. Clearly, there
exists a unique measure ν on O such that its restriction to an arbitrary compact
subset B coincides with νB. This measure is a Radon measure on O (that is, it is
finite on all compact subsets). We call the closed set Γ = ∂E \ O the singular set
of the solution u and we call the pair (Γ, ν) the trace of u on ∂E. A solution u is
moderate if and only if the singular set is empty (in this case ν(∂E) <∞).

If a compact set B is R-polar, then QB(u) = 0. This follows from the relation

{R ∩B = ∅} =
⋃
ε

{XD(B,ε) = 0}
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(see, e.g., the proof of Theorem 4.2 in [4]). Hence R-polar sets are moderate for all
u. We conclude from 3.4.A,B,C that:

3.5.A. If (Γ, ν) is the trace of a solution u, then ν does not charge R-polar sets.

4. Solutions determined by continuous linear additive functionals

4.1. Continuous linear additive functionals. Let X be a superdiffusion in
E and let M∗ be a set of finite measures on E which contains all Dirac measures
δx, x ∈ E. We assume that M∗ contains, with every µ, all measures µ̃ ≤ µ and that
Pµ{XD ∈M∗} = 1 for all D and all µ ∈M∗. Denote by F the σ-algebra generated
by Xs, s < ∞, and by Ft the σ-algebra generated by Xs, s ≤ t. A function At(ω)
from [0,∞]×Ω to [0,∞) is called a finite continuous additive functional of X with
determining set M∗ if:

4.1.A. A0 = 0.
4.1.B. For every t and every µ, At is measurable with respect to the Pµ-comple-

tion of F ; it is also measurable with respect to Pµ-completion of Ft if µ ∈M∗.
4.1.C. As+t = As + θsAt Pµ-a.s. for all µ ∈ M∗ and all pairs s, t. (Here θs are

the shift operators for X .)
4.1.D. At is continuous in t for Pµ-almost all ω for every µ ∈M∗.
A continuous additive functional with determining set M∗ is a function At(ω)

which can be represented as the sum of a countable family of finite continuous
additive functionals with the same determining set. [If σ = sup{t : At <∞}, then
At is continuous on [0, σ) and At = ∞ for t > σ.] To every functional At there
corresponds a diffuse measure8 a(dt) on (0,∞] such that a(0, t] = At for all t. This
measure is finite if and only the functional A is finite.

If An are continuous additive functionals with determining sets M∗
n and if M∗ ⊂

M∗
n for all n, then At = A1

t + · · · + An
t + . . . is a continuous additive functional

with determining set M∗.
Let A and Ã be continuous additive functionals with determining sets M∗ and

M̃∗. We say that A and Ã are equivalent, and write A ∼ Ã, if Pµ{At = Ãt} = 1
for all t and all µ ∈ M∗ ∩ M̃∗. We say that A and Ã are indistinguishable if, in
addition, M∗ = M̃∗.

We call

h(x) = PxA∞(4.1)

the potential and

u(x) = − logPxe
−A∞(4.2)

the log-potential of A. We say that a continuous additive functional A is linear if

PµA∞ = 〈h, µ〉(4.3)

and

Pµe
−A∞ = e−〈u,µ〉(4.4)

for all µ in the determining set M∗.

8A measure a is called diffuse if it does not charge single points.
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Suppose that the potential h of a continuous linear additive (CLA) functional
A is an L-harmonic function h. It follows from Theorem 1.2 in [9] that the log-
potential u of A satisfies the equation

u+ E(u) = h in E.(4.5)

Moreover, by Theorem 2.1 in [8], u is the unique solution of (4.5). By 3.4.C, u
satisfies

Lu = uα in E.(4.6)

Clearly, u is a moderate solution of (4.6).

4.2. Classes H∗ and H∗∗. Denote by H∗ the class of all positive L-harmonic
functions h such that equation (4.5) has a positive solution u. Put h ∈ H∗∗ if
h ∈ H∗ and if E(h)(x) < ∞ for some x (which implies that E(h)(x) < ∞ for all
x). It follows from [7, Theorem 3.1 and proof of Theorem 2.2] (cf. [9, 4.1.B]) that
every h ∈ H∗ can be represented in the form

h = h1 + · · ·+ hn + . . . with hn ∈ H∗∗.(4.7)

Theorems 1.7, 1.1, 1.3 in [10] imply

Theorem 4.1. If h ∈ H∗∗, then there exists a unique (up to indistinguishability)
continuous linear additive functional A of X with potential h and determining set
{µ : 〈h+ E(h), µ〉 <∞}. The log-potential u of A is determined uniquely by (4.5).

Remark. If An are CLA functionals corresponding to hn ∈ H∗∗ by Theorem 4.1
and if h = h1 + · · ·+ hn + · · · ∈ H∗∗, then A1 + · · ·+An + . . . is equivalent to the
CLA functional corresponding to h.

4.3. Continuous linear additive functional with spectral measure ν. De-
note by N ∗ the set of all measures ν on ∂E such that Kν ∈ H∗. Analogously,
ν ∈ N ∗∗ if Kν ∈ H∗∗. Put ν ∈ N if there exist νn ∈ N ∗∗ such that

ν = ν1 + · · ·+ νn + . . . .(4.8)

Note that N ⊃ N ∗.

Remark 1. Clearly, every ν ∈ N is Σ-finite.

Remark 2. If νn ∈ N ∗∗ and νn ↑ ν ∈ N ∗∗, then, by the Remark to Theorem 4.1,
limAνn ∼ Aν .

Theorem 4.2. It is possible to define for every ν ∈ N a continuous linear additive
functional Aν of X with determining set M∗(ν) in such a way that:

4.3.A. If ν = ν1 + · · ·+ νn + . . . , then Aν is equivalent to Aν1 + · · ·+Aνn + . . . .
4.3.B. If ν ∈ N ∗∗ and if h = Kν, then Aν is equivalent to the CLA functional

corresponding to h = Kν by Theorem 4.1.
4.3.C. For every ν ∈ N , the log-potential u of Aν satisfies the equation (4.6).

Proof. 1◦. We use Theorem 4.1 to define Aν for ν ∈ N ∗∗, and we define Aν as
the sum of Aνn if ν is defined by (4.8). To justify this definition, we prove that, if
ν =

∑
νi =

∑
ν̃j , then

∑
Aνi ∼ ∑

Aν̃j . Indeed, since the measure ν is Σ-finite,
there exists a finite measure µ such that ν(dx) = ρ(x)µ(dx) for a positive function
ρ. Put

νm = ν1 + · · ·+ νm, ν̃n = ν̃1 + · · ·+ ν̃n.
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By the Radon-Nikodým theorem, νm(dx) = ρm(x)µ(dx), ν̃n(dx) = ρ̃n(x)µ(dx)
with lim ρm = lim ρ̃n = ρ µ-a.e. The measures νmn(dx) = [ρm(x)∧ ρ̃n(x)]µ(dx) be-
long to N ∗∗. The corresponding functionals Amn = Aνmn

are monotone increasing
in m and n, and therefore

lim
m

lim
n
Amn = lim

n
lim
m
Amn = sup

m,n
Amn.(4.9)

Since νmn ↑ νm as n → ∞, we have limnA
mn ∼ Aνm

by Remark 2. Clearly,
Aνm ∼ Aν1 + · · · + Aνm , and therefore the left side in (4.9) is equal to

∑
Aνi .

Analogously, the right side is equal to
∑
Ãνj .

2◦. Properties 4.3.A and 4.3.B hold for ν ∈ N ∗∗ by Theorem 4.1, and they can
be obtained for ν ∈ N by a passage to the limit.

3◦. If νk ∈ N ∗∗, then νn = ν1 + · · ·+ νn ∈ N ∗∗ for all n, and the log-potential
un of Aν satisfies (4.4) by Theorem 4.1 and (4.6) by 3.4.C. The function u = limun

satisfies (4.6) by 2.1.B. We get (4.4) by a passage to the limit.

We call Aν the CLA functional with spectral measure ν.

Theorem 4.3. A Σ-finite measure ν belongs to N if and only if it charges no
R-polar sets.

Proof. For a finite measure ν, this follows from 3.4.B. The extension to Σ-finite ν
is obvious.

Theorem 4.4. Let ν ∈ N . The following three conditions are equivalent:
(i) ν is finite;
(ii) the potential h of Aν is L-harmonic;
(iii) the log-potential u of Aν is a moderate solution of (4.6).

Proof. The equivalence of (i) and (ii) follows from the relation

h(x) = PxA
ν
∞ =

∫
k(x, y)ν(dy),

which follows from 4.3.B if ν ∈ N ∗∗ and which can be obtained by a monotone
passage to the limit for an arbitrary ν ∈ N .

Suppose that νn ∈ N ∗∗ and νn ↑ ν. The potential hn and the log-potential un

of Aνn are related by equation un + E(un) = hn. Clearly, hn ↑ h, un ↑ u, and
therefore u+E(u) = h. If h is L-harmonic, then u is moderate. On the other hand,
if u is dominated by an L-harmonic h̃, then un ≤ h̃, which implies Kνn ≤ h̃. We
conclude that Kν ≤ h̃, and therefore ν is finite.

4.4. Log-potentials of functionals Aν .
4.4.A. The log-potential u of Aν vanishes on ∂E outside the support of ν.

Proof. Let ν(U) = 0 for an open subset U of ∂E. If νn are defined by (4.8), then
νn(U) = 0. We have un + E(un) = hn where hn is the potential and un is the log-
potential of Aνn . By (1.5), hn = 0 on U . Hence un = 0 on U and u = limun = 0
on U by 2.1.B.

4.4.B. If u1, u2, u are the log-potentials of functionals Aν1 , Aν2 , Aν1+ν2 , then u ≤
u1 + u2.
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Proof. If ν1, ν2 ∈ N ∗∗, then ui + E(ui) = Kνi <∞ and u+ E(u) = K(ν1 + ν2). We
get u ≤ u1 + u2 by the same computation as in proof of 2.2.C. The general case is
covered by a monotone passage to the limit.

4.4.C. Suppose that ν ∈ N is finite and is concentrated on a closed set B ⊂ ∂E.
Let h be the potential and u be the log-potential of Aν . If εn ↓ 0, then

Aν
∞ = lim〈u,XD(B,εn)〉 Pµ-a.s.(4.10)

for all µ ∈M∗(ν).

Proof. By Theorem 4.4, u is a moderate solution with trace ν. It follows from
Theorem 3.2 that uB = QB(u) has the same trace as u, and therefore uB = u. By
3.3.C,

Z = lim〈u,XDn〉 = lim〈u,XD(B,εn)〉 a.s.(4.11)

for an arbitrary standard sequence Dn. By (4.5), u ≤ h, and, by Theorem 5.1 in
[9],

Aν
∞ = lim〈h,XDn〉 ≥ Z Pµ-a.s.(4.12)

if µ ∈M∗(ν). By (3.5), and (4.2),

u(x) = − logPxe
−Z = − logPxe

−Aν
∞ .(4.13)

Formula (4.10) follows from (4.11), (4.12) and (4.13).

4.4.D. Suppose that ν ∈ N vanishes on a closed set B and is finite on a neigh-
borhood U of B. If u is the log-potential of Aν , then QB(u) = 0.

Proof. Denote by ν1, ν2 the restrictions of ν to U and U c, respectively. Let u1 and
u2 be the log-potentials of Aν1 and Aν2 . By 4.4.B, u ≤ u1 + u2 and, by 3.1.E,
QB(u) ≤ QB(u1) +QB(u2).

By Theorem 4.4, u1 is a moderate solution. Its trace ν1 vanishes on B, and
QB(u1) = 0 by Theorem 3.2.

By 4.4.A, u2 = 0 on U , and we conclude from Theorem 3.1 that QB(u2) = 0.

5. (Γ, ν)-solutions

5.1. Let O be an open set on the boundary ∂E and let ν be a measure on ∂E
which charges no R-polar set. We put ν ∈ N (O) if ν is concentrated on O and if
its restriction to O (which we denote again by ν) is a Radon measure on O . All
measures ν ∈ N (O) are Σ-finite and, by Theorem 4.3, N (O) ⊂ N . Let Γ be a
closed subset of ∂E. By Theorem 2.1 in [3],

w(x) = − logPx{R ∩ Γ = ∅}(5.1)

is the maximal element of U such that

w = 0 on O = ∂E \ Γ.(5.2)

For every ν ∈ N (O),

u(x) = − logPx{R ∩ Γ = ∅, e−Aν
∞}(5.3)

is also an element of U . [This is proved in Section 4 of [11] by using the probabilistic
description of U given in Section 0.8 of [5].] We call u the (Γ, ν)-solution. Our
objective is to evaluate the trace of such solution. To simplify notation, we drop
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the superscript ∞ in (5.3) and similar formulae. It follows from (5.3) and Theorem
II.4.3 in [4] that

Pµ{R ∩ Γ = ∅, e−Aν} = e−〈u,µ〉(5.4)

if the support of the measure µ is disjoint from Γ.

5.2.

Theorem 5.1. Let u be the (Γ, ν)-solution and let ν′ be the restriction of ν to a
closed subset B of O. Then QB(u) is equal to the log-potential of A′ = Aν′ , and

ZB = A′∞ Px-a.s.(5.5)

for all x. (Here ZB is given by (3.7) or (3.8).)

Proof. Let A′′ = Aν′′ , where ν′′ is the restriction of ν to B′′ = O \ B. Denote by
u′, u′′ the log-potentials of A′, A′′, and put Dε = D(B, ε). By (2.6),

uε(x) = VDε(u)(x) = − logPxe
−〈u,Xε〉,

where Xε is the restriction to E of the exit measure from Dε. By (5.4), this implies

uε(x) = − logPxPXε{R ∩ Γ = ∅, e−Aν}.
By 4.4.C, A′ is measurable with respect to the Px-completion of F⊃Dε ; and, by
(1.11), Pxe

−A′
= PxPXεe−A′

. By (2.6) and (5.4),

e−VDε (u′′)(x) = Pxe
−〈u′′,Xε〉 = PxPXεe−A′′

.

By (5.4),

PXε{R ∩ Γ 6= ∅} = 1− e−〈w,Xε〉 ≤ 〈w,Xε〉,
where w is given by (5.1). Hence,

|e−u′(x) − e−uε(x)| ≤ |e−u′(x) − PxPXε{R ∩ Γ = ∅, e−A′}|
+ |PxPXε{R ∩ Γ = ∅, e−A′} − e−uε(x)| ≤ Iε + Jε,

where

Iε = PxPXε{R ∩ Γ = ∅, e−A′
(1− e−A′′

)} ≤ PxPXε(1 − e−A′′
) = 1− e−VDε (u′′)(x),

Jε = PxPXε{R ∩ Γ 6= ∅, e−A′} ≤ 1− Pxe
−〈w,Xε〉 ≤ Px〈w,Xε〉.

By (3.2) and 4.4.D, limVDε(u′′) = QB(u′′) = 0. Therefore Iε → 0. By (1.12),
Px〈w,Xε〉 = Πxw(ξτε ), where τε is the first exit time from Dε. By (5.2), w = 0 on
O, and therefore Πxw(ξτε) → 0. Therefore Jε → 0. Hence, QB(u) = limuε = u′.

Formula (5.5) follows from 4.4.C and 3.3.C.

Lemma 5.1. Every moderate compact set B ⊂ Γ for a (Γ, ν)-solution u is R-polar.

Proof. Put w(x) = − logPx{R ∩ B = ∅}. By Theorem 3.1, wB = QB(w) is
the maximal element of U subject to the conditions wB ≤ w and wB = 0 on
∂E \ B. Since these conditions hold for w, we have w = wB. Since u ≥ w,
uB = QBu ≥ wB = w by 3.1.A. Since uB is a moderate solution, w is also moderate
and

h = w + E(w)(5.6)
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is the minimal L-harmonic majorant of w. Since trace(2h) = 2 trace(h), it follows
from 3.4.B that

v + E(v) = 2h(5.7)

for some v ≥ 0. By 4.4.B, v ≤ 2w, and therefore v = 0 on ∂E \ B. But w is the
maximal solution with this property, and therefore v ≤ w, which implies 2h ≤ h
and h = 0. Hence w = 0 and B is R-polar.

5.3. Normal pairs. We denote by Ex(ν) the set of all explosion points of a
measure ν. If B ∩ Ex(ν) = ∅ and B is compact, then ν(B) < ∞. A measure ν
concentrated on an open set O is a Radon measure onO if and only if O∩Ex(ν) = ∅.

Note that a (Γ, ν)-solution is at the same time a (Γ0, ν)-solution if Γ0 ⊂ Γ and
Λ = Γ \ Γ0 satisfies condition (1.19). Indeed, (1.19) implies that {R ∩ Γ = ∅} =
{R∩ Γ0 = ∅} Px-a.s. for all x ∈ E. We call (Γ, ν) a normal pair if condition (1.19)
holds only for Λ = ∅.
Lemma 5.2. Every (Γ, ν)-solution u is also a (Γ0, ν)-solution with a normal pair
(Γ0, ν).

Proof. The class L(Γ, ν) of all sets Λ subject to condition (1.19) is closed under
union.9 Denote by Λ0 the union of all Λ ∈ L(Γ, ν), and put Γ0 = Γ \ Λ0. Since
Λ0 ∈ L(Γ, ν), u is a (Γ0, ν)-solution. If Λ ∈ L(Γ0, ν), then Λ ∪ Λ0 ∈ L(Γ, ν), and
therefore Λ ⊂ Λ0. On the other hand, Λ ⊂ Γ0 = Γ \ Λ0. Hence, Λ = ∅.
5.4.

Theorem 5.2. Let u be a (Γ, ν)-solution. If (Γ, ν) is a normal pair, then the trace
of u is equal to (Γ, ν).

Proof. Denote the trace of u by (Γ0, ν0). By the definition of the trace (see Section
3.5), O0 = ∂E\Γ0 is the maximal moderate open set for u. Hence, O0 ⊃ O = ∂E\Γ.

For every compact set B ⊂ O, the trace of QB(u) is equal to the restriction
of ν0 to B. By Theorem 5.1, it is equal to the restriction of ν to B. Therefore
ν = ν0 on O. Since ν is concentrated on O, we have ν ≤ ν0, and therefore
Ex(ν) ⊂ Ex(ν0) ⊂ Γ0 ⊂ Γ. The set Λ = Γ \ Γ0 is R-polar. Indeed, every compact
B ⊂ Λ is moderate for u (because B ⊂ O0), and it is R-polar by Lemma 5.1. Thus,
Λ is R-polar, Λ∩Ex(ν) = ∅ and Γ\Λ = Γ0 is closed. By the definition of a normal
pair, this implies Λ = ∅.
5.5.

Theorem 5.3. The trace (Γ, ν) of every solution u is a normal pair.

First we prove two lemmas.

Lemma 5.3. If D1, D2, D̃ are open subsets of E and if

D1 ∩ D̃ = D2 ∩ D̃,(5.8)

then

{R ⊂ D̃} ⊂ {XD̃ = 0} ⊂ {XD1 = XD2} Px-a.s.(5.9)

9The union of an arbitrary family of R-polar sets relatively open in Γ is R-polar.
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Proof. Let Bn be compact sets such that Bn ↑ D̃. By [2, Lemma 2.1], {R ⊂ Bn} ⊂
{XD̃ = 0} a.s., which implies the first part of (5.9).

The set Q = {XD̃ = 0, XD1 6= XD2} belongs to F⊃U , where U = D̃ ∩ D1 =
D̃ ∩ D2. By (1.11), Px(Q) = PxPXU (Q), and, by [4, II.4.6], the second part of
(5.9) will be proved if we show that Pη(Q) = 0 for every measure η ∈ M(U c).
Let η′ be the restriction of η to D̃c. Note that XD̃ = η′ Pη′ -a.s. If η′ 6= 0, then
Pη{XD̃ = 0} ≤ Pη′{XD̃ = 0} = 0 and therefore Pη(Q) = 0. If η′ = 0, then η is
concentrated on the complement of D1 ∪D2. Hence, XD1 = XD2 = η Pη-a.s., and
again Pη(Q) = 0.

Lemma 5.4. If (Γ, ν) is the trace of u and if Γ is R-polar and ν is finite, then u
is moderate.

Remark. We know (see Section 3.5) that if u is moderate, then Γ is empty.

Proof. Put Bn = {x ∈ ∂E : d(x,Γ) ≥ 1/n}. We have Bn ↑ O = ∂E \ Γ. By (3.5)
and (3.6),

u(x) = − logPx exp{−Z},
un(x) = QBn(u)(x) = − logPx exp{−ZBn}.

The trace of un is the restriction of ν to Bn, and therefore

un(x) + E(un)(x) =
∫

Bn

k(x, y)ν(dy) <∞.

Therefore, for all x and n,

un(x) ≤ h(x) =
∫

O

k(x, y)ν(dy).

By 3.3.A, there exists Z̃ such that ZBn ↑ Z̃ Px-a.s. for all x. We have

− logPxe
−Z̃ = limun(x) ≤ h(x).

To prove that u is moderate, it is sufficient to show that, for every x,

Z̃ = Z Px-a.s.(5.10)

We apply Lemma 5.3 to D1 = D(Bn, ε), D2 = D(∂E, ε), D̃ = D(Γ, δ). Condition
(5.8) holds if ε < δ − 1/n. We conclude from (5.9) that

Px{R ⊂ D(Γ, δ), exp[−〈u,XD(Bn,ε)〉]} = Px{R ⊂ D(Γ, δ), exp[−〈u,XD(∂E,ε)〉]}.
By passing to the limit, first as ε → 0 using 3.3.C, then as n → ∞ and, finally, as
δ → 0, we get

Px{R ∩ Γ = ∅, e−Z̃} = Px{R ∩ Γ = ∅, e−Z}.
Since Γ is R-polar and since Px{Z̃ ≤ Z} = 1 by 3.3.A, we get (5.10).

Proof of Theorem 5.3. Let Λ ∈ L(Γ, ν) and let Γ0 = Γ \ Λ. The theorem will
be proved if we show that v = QB0(u) is moderate for every closed subset B0 of
O0 = ∂E \ Γ0. Indeed, this implies O0 ⊂ O, and therefore Γ0 ⊃ Γ, Λ = ∅.

Let (Γ1, ν1) be the trace of v. By Lemma 5.4, it is sufficient to to prove that Γ1

is R-polar and ν1 is finite.
By 3.1.B, v ≤ u, and by 3.1.A, all moderate sets for u are also moderate for v.

Hence Γ1 ⊂ Γ. By 3.2.B, QB[QB0 ](u) = 0 for all B ⊂ ∂E \ B0. Hence, ∂E \ B0 is
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moderate for v and it is contained in O1 = ∂E \Γ1. We conclude that Γ1 ⊂ B0 ∩Γ
which is a subset of the R-polar set Λ.

Note that B0 ⊂ O ∪ Λ does not contain explosion points of ν and therefore
ν(B0) <∞. Since QB(v) = 0 for B ∩B0 = ∅, the measure ν1 vanishes on ∂E \B0.
Since v ≤ u, ν1 ≤ ν on O ⊂ O1. We have

ν1(O1) = ν1(O1 ∩B0) = ν1[(O1 \O) ∩B0] + ν1(O ∩B0) ≤ ν(O ∩B0) <∞
because Γ ∩B0 is polar, and therefore ν1(Γ ∩B0) = 0 by Theorem 1.1.

6. Maximal property of (Γ, ν)-solutions

6.1. In this section we consider an arbitrary solution u with the trace (Γ, ν). By
3.5.A, ν does not charge R-polar sets, and, by Theorems 4.3 and 4.2, it is the
spectral measure of a CLA functional Aν . Our objective is to prove:

Theorem 6.1. We have

u(x) ≤ − logPx{R ∩ Γ = ∅, e−Aν}.(6.1)

This follows easily from a kind of a mean value theorem which is of independent
interest:

Theorem 6.2. Let u be a solution with the trace (ν,Γ). For every regular open
subset D of E such that ∂D ∩ Γ = ∅, there exists a random variable ZD with the
properties

ZD ≤ Aν ;(6.2)

u(x) = − logPxe
−ZD−〈u,XD〉 in D.(6.3)

To prove Theorem 6.1, we apply Theorem 6.2 to domains Dn = D(Γ, 1/n). It
follows from (6.2) and (6.3) that

u(x) ≤ − logPxe
−Aν

e−〈u,XDn〉(6.4)

for every n. Since 〈u,XDn〉 → 0 on the set {R∩Γ = ∅}, we have lim inf e−〈u,XDn 〉 ≥
1R∩Γ=∅, and Fatou’s lemma implies that

lim inf Pxe
−Aν

e−〈u,XDε〉 ≥ Px{R ∩ Γ = ∅, e−Aν}.(6.5)

Equations (6.4) and (6.5) imply (6.1).

6.2.

Proof of Theorem 6.2. 1◦. Put B = ∂D∩ ∂E, Dn = D(B, 1/n) and D̃n = D∩Dn.
For every set A, put uA = u1A.

By the mean value property 2.1.D,

u(x) = − logPxe
−〈u,XD̃n

〉 in D̃n.(6.6)

For every x ∈ D̃n the measure XD̃n
is concentrated, Px-a.s., on C ∪ D, where

C = ∂D ∩ E, and therefore

〈u,XD̃n
〉 = 〈uC , XD̃n

〉+ 〈uD, XD̃n
〉 Px-a.s.

Theorem 6.2 will follow from (6.6) if we prove that, for every x ∈ D,

lim〈uC , XD̃n
〉 = 〈u,XD〉 Px-a.s.(6.7)
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and

〈uD, XD̃n
〉 → ZD Px-a.s.,(6.8)

where ZD satisfies (6.2).
2◦. Note that 〈uC , XD̃n

〉 = 〈u, X̃n〉 and that, for all x ∈ D, 〈u,XD〉 = 〈u, X̃〉
Px- a.s., where X̃n and X̃ are the restrictions of XD̃n

and XD to C. Therefore we
get (6.7) if we prove that X̃n ↑ X̃ Px-a.s.

By 2.1.E, X̃n ≤ X̃n+1 ≤ X̃ a.s., and therefore

X̃n ↑ X∗ ≤ X̃ a.s.(6.9)

By (1.10) and (1.12),

Px〈1, X̃n〉 = Πx{ξτ̃n ∈ C},
Px〈1, X̃〉 = Πx{ξτ ∈ C},

where τ̃n, τ are the first exit moments from D̃n, D. If x ∈ D, then {ξτ̃n ∈ C} ↑
{ξτ ∈ C} Πx-a.s., and (6.9) implies that X∗ = X̃ Px-a.s.

3◦. Denote by X̄n the restriction of XD̃n
to D. Note that X̄n+1 = 0 PX̃n

-a.s.
By (1.11) and (1.7),

Px{e−〈uD,XD̃n+1
〉|F⊂D̃n

} = PXD̃n
e
−〈uD,XD̃n+1

〉 = PX̄n
e
−〈uD,XD̃n+1

〉

≥ PX̄n
e
−〈u,XD̃n+1

〉 = e−〈u,X̄n〉 = e−〈uD ,XD̃n
〉.

Therefore e−〈uD ,XD̃n
〉 is a bounded submartingale relative to Px (cf. the proof of

3.3.C) and there exists ZD subject to (6.8).
To get (6.2), we recall that, by Section 3.5, the restriction νB of ν to B is the

trace of QB(u). By 4.4.C, the corresponding functional AνB satisfies the condition

AνB = lim〈u,XDn〉 a.s.

Proposition 2.1.E implies that

〈uD, XD̃n
〉 ≤ 〈uD, XDn〉 ≤ 〈u,XDn〉.

Hence

ZD = lim〈uD, XD̃n
〉 ≤ AνB ≤ Aν .
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